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EXPERIMENTAL AERODYNAMIC DERIVATIVES OF A SINUSOIDALLY 
,.. OSCILLATING AIRFOIL IN TWO-DIMENSIONAL FLOW l 

B~ROBERTL.HALFMAN 

SUMMARY 

Experimental measurements of the aerodynamic reactions on 
a symmetrical airfoil oscillating harmonically in a two-dimen- 
sional flow are presented and analyzed. Harmonic motions 
include pure pitch and pure translation, for several amplitudes 
and superimposed on an initial angle of attack, as well as com- 
bined pitch and translation. 

groups and no known resume or comparison has been made, 
a portion of this report is given over to the reproduction and 
comparison of typical data reduced to a common form of 
presentation. (See appendix.) 

The apparatus and testing program are described briefly and 
the necessary theoretical background is presented. 

In general, the experimental results agree remarkably well 
with the theory, especially in the case of the pure motions. 
The net work per cycle for a motion corresponding to flutter is 
experimentally determined to be zero. 

Considerable consistent data for pure pitch were obtained 
from a search of available reference material, and several 
de$nite Reynolds number ejects are evident. 

This work was conducted at the Massachusetts Institute 
of Technology under the sponsorship and with the financial 
assistance of the National Advisory Committee for 
Aeronautics. 

SYMBOLS 

frequency of forced motion 
angular frcqucncy of forced motion (2sn) 
semichord 
air-stream velocity 

INTRODUCTION 

reduced-frequency parameter wb 
( > v 

density of air 

The purpose of the work described in this report was to 
determine experimentally the lift and moment on an oscil- 
labing airfoil and compare the results with the predictions 
of the vortex-sheet theory as described in reference 1. The 
use of the theory on aero-elastic problems such as flutter 
could then be verified or modified. The general plan of the 
program was to break down the flutter motion into its 
simplest components so as to examine each one individually 
before superimposing them to check the flutter condition 
itself. 

dynamic pressure 
( > 

fPV2 

pitching angle of wing; positive in direction of 
stall 

amplitude of pitch 
initial angle of attack 
vertical translation of wing at 37 percent chord; 

positive downward 
amplitude of translation 
angle by which pitching motion leads translation 

motion 
The entire project was undertaken in a succession of 

phases by the Aero-Elastic Research Laboratory of the 
Massachusetts Institute of Technology over a considerable 
period of time and should be considered as the combined 
efforts of the groups which worked on each phase. The 
phases were : 

phase angle between front and rear actuator 
wheels 

ratio of distance of elastic axis behind midchord 
point to semichord 

(1) The design and construction of the oscillating actuator 
mechanism 

(2) The development of the support of the model on the 
actuator and the subsequent installation of the apparatus 
in the wind tunnel 

distance of center of gravity behind midchord 
mass of wing per unit span 
real part of Theodorsen’s function 
imaginary part of Theodorsen’s function 
Theodorsen’s function (FfiG) 
static moment of wing about elastic axis 

((Z-ab)m) 
(3) The development of the force-recording equipment 
(4) Systematic tests with the equipment developed in 

phases (1) to (3) and design study of equipment for higher 
frequencies 

moment of inertia of wing per unit span about 
elastic axis 

(5) The thorough analysis of the test results of phase (4) 
Since a substantial amount of data for similar tests has 

been compiled independently by various other research 
1 Supersedes NACA TN 2465,“Experimentnl Aerodynamic Derivatives of B Sinusoidally Oscillating Airfoil in Two-Dimemionnl Flow” by Robert L. Halfmnn. 1951. 

a 

natural frequency in bending 
effective linear spring constant (mwh2) 
natural frequency in torsion 
effective torsional spring constant (1,~~~) 
work’per cycle due to moment 

IL 
1 
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WI, work per cycle due to lift 
WN net work per cycle (- W,- WM) 

C WI, coefficient of work due to lift (4qz0h0) 

C’ coefficient of work due to moment 
( 

W&f 
‘W&f -4qba,h, > 

C wN coefficient of net work (*J 

AcD (at,) average drag-amplitude coefficient 
c LS steady-state or static lift coefficient 
P ,illSEA st,eady-state moment coefficient about elastic 

axis 
Re Reynolds number based on airfoil chord 

The following symbols are usually combined with subscripts: 

L lift per unit span; positive downward 
114 moment per unit span; positive in direction of 

stall 
R real part of complex quantity 
R’ dimensionless real part of complex quantity 
I imaginary part of complex quantity 
I’ dimensionless imaginary part of complex 

quantity 
ygE magnitude 

4 , 9 ) components of lift or moment 

4 phase angle (tan-’ i) 

Subscripts : 
P due to pitching motion 
T due to translational motion 
R due to combination of translational and pitching 

motion 
L lift 
a.? moment 

DESCRIPTION OF APPARATUS 

The mechanical apparatus is designed to oscillate an 
airfoil in pure pitch, pure translation, and combinat.ions 
of the two at various frequencies and amplitudes. The 
installation in the test section of the tunnel is shown in 
figure 1 and the entire oscillator mechanism is illustrated 
schematically in figure 2. The range of motions obtainable 
is shown in figure 3. 

The airfoil which was constructed for these tests is 
rectangular in plan form with a l-foot chord, 2-foot span, 
and NACA 0012 profile. An extremely rigid and light 
magnesium two-spar stressed-skin construction was neces- 
sary to minimize inertia loads and prevent appreciable de- 
flection during oscillation. The tests were performed in the 
M. I. T. 5- by 7%foot flutter tunnel which was modified by 
the installation of two vertical fairings as shown in figure 1. 
The presence of these fairings insured essentially two- 
dimensional flow over the airfoil while any deviat.ions from 
the usual flow could be detected by the pitot-tube rake 
installation also shown in figure 1. 

FIGURE L-Test-section arrangement viewed from upstream. 

The oscillator mechanism consists primarily of an actuator 
unit located just below the test section and two identical 
linkages extending up through the vertical fairings on each 
side of the airfoil. As may be seen in figure 2, the actuator 
N has two pairs of circular crank wheels on each side. The 
rotational motion of each pair is transformed into sinu- 
soidal vertical motion by means of a connecting rod sliding 
on a member constrained to move vertically. This vertical 
motion is transmitted up into the test section by thin steel 
bands D which t,erminate at the “dumbbell” cams I. Ad- 
ditional bands continue from the cams to the adjustable 
overhead springs C which maintain tension in the bands at, 
all times. The resultant, motion of the cams is transmitted 
to the wing through the linkage H. Each pair of crank 
wheels can be set to produce either l-, 2-, or Z&inch-amplitude 
vertical motion and the front pairs can be set and phased 
independently of the rear pairs. Thus with the rear pairs 
exactly 180’ out of phase with respect to the front, the 
cam I is rocked about its center in pure pitch. 



p -m--Y ~ 
li 8 

I 
‘I’ 

1, AERODYNAMIC DERIVATIVES OF A SINUSOIDALLY OSCILLATING AIRFOIL IN TWO-DIMENSIONAL FLOW 3 

-4 Supporting structure 
B Tension adjustment 
C Overhead springs 
D Steel bands 
E Tunnel wall 
F Accelerometers 
0 Vertical guide 
H Linkage 

FIOURE 2.7 

I Cams 
J Turnbuckles 

I< Rear crossbar 
L Drive shaft 

M Motion phase scale 
N Actuator 
0 Transformer 

-Diagrsmmotic layout of oscillator. 

Two sockets in each end rib of the airfoil receive the ball 
ends of short‘cantilever beams supported by the linkage H 
with the forward sockets located on the center-of-gravity 
axis of the wing at 37 percent chord. Resistance wire 
strain gages mounted on these cantilevers measure the forces 
required to oscillate the airfoil in a given motion. Since 
these forces include inertia reactions as well as aerodynamic 
forces it was necessary to design the “multiple accelerometers” 

F to produce signals equal to the inertia reactions of the air- 
foil which could be electrically subtracted from the total 
force signals. This difference, then, represents aerodynamic 
forces only. The inertia cancellation process is necessary 
only for the lift and moment signals since there is no inertia 
force in the drag direction. The signals are amplified and 
recorded with Consolidated Engineering Corporation lOOO- 
cycle-per-second carrier equipment. The correct attenuator 
settings for the accelerometer signals are determined ex- 
perimentally by substituting a “dummy wing” for the airfoil. 
This wing is of open construction to minimize aerodynamic 
reactions but has mass and moment-of-inertia properties 
identical with those of the airfoil. Because of the relatively 
large range of forces to be covered during the tests it was 
necessary to design and use two complete sets of force- 
measuring elements, a “soft” set for low frequencies and 
amplitudes and a “stiff” set to handle the higher forces at 
higher frequencies and amplitudes. 

A reference-position signal was at first obtained from an 
undamped accelerometer mounted on the rear crossbar K 
and later from a. Kollsman rotatable transformer 0 attached 
to t,he rear crank wheel. 

SYSTEMATIC TESTS 

The four general types of tests included in the testing pro- 
gram are: 

(1) Pure pitching motion 
(2) Pure translation 
(3) Pure motions superimposed on an initial angle of 

attack 
(4) Combined pitching and translation with special em- 

phasis in the neighborhood of a motion corresponding to 
flutter 

In order to obtain the best results throughout the testing 
program, the least difficult tests were performed first and 
the experience thus gained was applied to the remaining tests 
as they were encountered. Thus the pure motions were 
examined first at the two amplitudes corresponding to the 
l- and 2-inch crank-wheel settings on the actuator using the 
soft force-measuring elements. Next the turnbuckles, J in 
figure 2, were adjusted to produce an initial angle of attack 
of 6.1° and the lower-amplitude pure motions were super- 
imposed on this initial angle. 

Since there are so many possible combined motions it was 
necessary to restrict the testing to a survey of the field. 
Thus tests were made at a constant reduced frequency k of 
0.3 for phasings between the pure motions of O”, 90°, 180°, 
and 270’. Ideally the ratio of translation amplitude to 
pitch amplitude should also have been kept constant to 
permit simple and accurate comparisons of the four condi- 
tions; but this was not possible, unfortunately, because of 
the limitations of the oscillator. Another series of tests at 
constant reduced frequency was made in the neighborhood 
of a case corresponding to flutter. The derivation of the 
correct motions for the flutter condition is described in the 
next section. 

. 
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B e c a u s e  of s t rength l imitat ions, tests us ing  the soft e lements  
cou ld  not  b e  run  in  the h igh- f requency  r a n g e  for the larger-  
ampl i tude  m o tions. Thus,  in  o rde r  to ex tend  the f requency  
ranges  a l ready  covered  in  the p u r e  m o t ion tests, the stiff 
set of e lements  was  instal led a n d  h igh- f requency  tests at 
the la rger  ampl i tudes  w e r e  m a d e . It was  a lso  dec ided  to 
run  ano ther  ser ies of tests n e a r  the flutter condi t ion part ly as  

a  check o n  the prev ious  runs  co r respond ing  to a  condi t ion 
n e a r  flutter. This  second  flutter ser ies was  m a d e  with a  
constant  phas ing  be tween  the p u r e  m o tions, wi th a  constant  
ampl i tude  ratio, a n d  at a  constant  a i rspeed.  T h e  on ly  
var iab le  was  the f requency  of the m o t ion wh ich  p r o d u c e d  a  
co r respond ing  var iat ion in  r educed  f requency  k. 

Timt  

8  T  

(a)  P u r e  pitch. 
(h)  P u r e  t ranslat ion.  

F I Q U R E  4.-Typical  records of pu re  pi tch a n d  pu re  t ranslat ion.  
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For all but the combined-motion tests, either two or three 
airspeeds were used, averaging about 95 miles per hour, 
and the frequency range was covered for each airspeed in 
half-cycle per second steps. The combined-motion tests 
were run at only one airspeed and for each test the frequency 
was varied slowly and smoothly over a range from slightly 
above to slightly below the frequency corresponding to the 
desired value k=0.3. 

The over-all instrument system was calibrated by applying 

known forces directly to the wing and noting the cor- 
responding galvanometer deflections in the recording oscil- 
lograph. Typical records are shown in figures 4 and 5 and 
include traces of lift, moment, reference position, and in some 
cases drag, as well as zero traces. Despite the relatively 
high-frequency “hash” on most of the records, consistent 
values of amplitudes and phase angles were measured and 
are plotted in figures 6 to 17 and recorded in tables I through 
X. 

(a) Combined motions. 
(b) Pure pitch with initial angle. 

(c) Pure translation with initial angle. 

FIGURE s,-!i?ypical rwmds of combined motions, pure pitch with initial angle, and pure translation with initial Wgk. 
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FIGURE Il.-Static lift and moment coefficients. 
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THEORETICAL BACKGROUND 

To obtain the theoretical values of the aerodynamic 
derivatives for comparison with the experimental results 
of this report, the analytical methods used were based on 
Theodorsen’s work (reference 1): In this analysis separate 
solutions are given for pure harmonic pitching and pure 
translation, and a combination of the two requires only a 
vector addition of the derivatives due to the pure motions. 

The two-dimensional lift and moment equations, as 
rearranged by Hunter, 2 are as follows: 

(1) 

These results are conveniently expressed in complex nota- 
tion. For example, the lift force resulting from a sinusoi- 
dally varying translational motion may.be written as 

Here LJ represents the angular frequency of the forced 
motion and t represents time. The subscript T is used to 
designate the translational mode, and the restriction that 
the real term R and the imaginary term I be those that 
apply only to the lift force is specified by the subscript L. 
This expression of the lift force due to the translational 
motion can be written in another form as a nondimensional 
derivative : 

-L --=t’RL,.*+I,,*ei(wl+~L~) 
4qb 

(21 

I 
where +LT= tan-’ c. 

The expression for the theoretical aerodynamic moment 
derivative in the translational mode may be written: 

(3) 

For the pitching motion, the form of the equations is 
identical to that for the translation; the lift L, due to pitch 
is expressed in terms of RLp, ILp, and &Lp and the moment 
A4P due to pitch is expressed in terms of R,,,, Inip, and 4nfP. 
The combined-motion case is differentiated from the above 
by the use of the subscript R (meaning resultant) instead of 
the subscripts P and T. 

The real and imaginary factors given by the theory for 
a two-dimensional wing are as follows: 

2 Unpublished M. I. T. Mnstcr’s thesis by Maswell W. Hunter, “Cnlculation of the Awe- 
dynamic Span Effect in Flutter Bnalysis,” June 1944. 

Rn=$‘(;+kG) 

I,,=-+‘kF 

,,=-mxo(;(;-a)-($+a)[G+(;-a)kFI) 

RLE= RLT+ R,, cos e- ILp sin e 

ILR= I,d- R,, sin e-k ILp cos e 

Zi&= R,,+ R.,l, cos e- I,,fp sin e 

IMR= I&- R,, sin e+ IMp cos e 

and the corresponding phase angles are: 

&= tan-’ F 
I‘T 

z GA*,?= tan-’ IMR R MR 

with the additional condition derived from the following 
;able: 

;T” + - - + 
1 -; -+~ - - 

Quadrant 1 2 3 4 

The angle 0 is the amount by which the pitching displace- 
nent vector CC leads the reference displacement vector h; 
;he ratio wb/V is the reduced frequency parameter k; F and G 
tre respectively the real and the imaginary parts of the 
I’heodorsen function C (k) ; the symbol a denotes the ratio of 
he distance of the elastic axis behind the midchord point to 
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the half chord b; h, represents the amplitude in inches of the 
translational oscillations and C.Y~ represents the amplitude in 
radians of the pitching oscillations; h and L are positive 
downward and Q! and M are positive for a rotation toward the 
stall. 

One of the outstanding advantages of the apparatus that 
was designed for this research is that not only can pure pitch- 

“ing and ‘pure translating motions be imparted to the airfoil at 
a choice of amplitudes in either pure motion, but a wide 
range of combinations of pitching and translating motions can 
also be used with an equally wide choice of phase intervals 
between the motions. Thus if a combined motion corre- 
sponding to a typical flutter is imparted to the airfoil a 
study can be made of the aerodynamic reactions for this 
critical condition. 

Since the airfoil is inherently extremely rigid, it follows 
the forcing motion of the linkage without perceptible devi- 
ation. This motion can be adjusted to simulate that of a 
spanwise segment of a wing under a wide range of dynamic 
conditions. Although the chord and profile are fixed, values 
of elastic-axis location, center-of-gravity location, mass a,nd 
inertia per unit span, and effective spring constants may be 
chosen to represent a typical wing with a flutter mode which 
corresponds to a possible setting of the oscillator. The 
actual determination of a flutter condition, as outlined in the 
following paragraphs, follows the method of finding all the 
possible flutter motions which can easily be duplicated by 
the oscillator and then choosing one which corresponds to a 
reasonable wing. 

The conditions for the flutter of a two-dimensional wing 
in bending-torsion flutter are expressed by the following set 
of differential equations if the effects of structural damping 
are neglected: 

mjl-j-S,&+C,h-L,=O 

I,a!fS,i+C,a-MR=O 

If the assumption that the motions are simple harmonic is 
introduced, one may write t,he equations in the complex 
forms : 

-mw2h,-S,w2~oeis+m~h2h,-4qb(RLR+iILR)= 

- Iaw2a’,- S,w2h,e-fe-~ Iaw2a,--4q b2eFfo(RMR+ iI,,)= 
or 

-mw2h,- Sor~2ay,et*+mwh2ho+4q~ho -;+ikC)+ 

4qaoef%b(a (ik+ak2)+[l+ik ($-a)$)=0 

- Iaw2cto- S,w2hoe-“e+ Iaw,2~o+4qbh,e-f~~ $- 

(;+a) ikC]+4qb2aor{$ [ik (&a)- Therefore, 

k ($+a2)]-($+a) [l-W ($-~)]~]~” 

where h= hoeioc and a= ol,et(U1+@). 

In order to satisfy the equations of motion, the sums of 
the real and the imaginary components of each of these 
equations must be independently equal to zero. By this fact 
and the identity e*@=cos e&i sin 8, 

-mw2h,-Su~2~o cos e+mw,,2h,-4qbRLR=0 

-Saw2ao sin 0-4qbILR=.0 

- Iaw2cu,- S,w2h, cos e-j- Iawa2a,- (4) 
4a b2(RMR cos e+ I,, sin 0)= 0 

-S,w”h, sin ef4qb2(I,, cos e-R,, sin e)=o 

These four equations must be satisfied to determine the 
flutter condition for a wing. 

The second and the fourth equations may be written in 
the forms: 

4q b ILRho= - S&a,h, sin e 

-4q b2a,,(R,+rR sin e- IMR cos e)= Saw2hoao sin e 

These two expressions have left-band sides which are pro- 
portional to the work done by the lift and the moment as 
will be shown below. In the absence of structural damping 
in bencling-torsion flutter, the total work clone on the wing 
during a cycle must be zero. Any work done in one degree 
of freedom must therefore be offset by equal and opposite 
work done in the other degree of freedom. The means of an 
ener,gy transfer from one degree of freedom to another lies 
in the inertia coupling between the pure motions. 

That energy transfer exists only if an inertia coupling 
term S, is present may be easily seen if one studies the work 
equations closely. The air forces may be written as: 

Then the work per cycle done by the lift force is: 

LRdh=-4qbwho cos (wt+4LT)+ 

JRLp2+ IL,,” cos (wt++Lp2+e) 1 f sin wt dt 

But 

*a 
s ii- 0 

cos (wt++) sin otdt=-y2 
. s 

2T 

0 
sin2 wtd(wt)= -T’? 

WL= LRdh=4qbah, sin 4LT+ 

JRLp2 + ILp2 sin (4~+ 0) 1 
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Similarly the work done by the moment per cycle is: 

WIN= M,da=4qb2m 
6 C 

JRMT2+ IMT2 sin (~Jc-- e) + 

RMP’-i- Lp2 sin +MP 1 
The same results may be expressed in the simpler forms: 

WL=4qb~ho(IALT+RLP sin e+ ILp cos e) 1 
=4qb?rh,Im 

t 
W,=4qb2~&~p-R~T sin e+IMTcos e) i 

(6) 

=--4qb2a,~(RMR sin e-IMR cos e) ) 

These values of work per cycle are proportional to the left- 
hand sides of equations (5), the constant of proportionality 
being ?r. Thus it is seen that t.he coupling term S, makes 
possible the exchange of energy between the motions in 
such a way that the net work done by the airfoil at flutter 
is zero : 

w,=-(w,+w&f)=o 

To proceed now to the actual solution of equations (5), 
it is convenient to introduce the dimensionless auxiliary 
quantities : 

b &I=- I h, MT 

b R,,‘=- R h, MT 

1 ,ILp’=-- I LP 
ffo 

1 IMP’=-- I MP 
a 

Then, 

WL=4qbh: [t I,,‘+(~)(RLpp sin e+ 1Lpl cos 0) =- S,u2aoho sin e I 1 
(7) 

Wna=4qbza, [ IMP’+(k)(;) (IMT’COS 8- RMr’sin 0) 

= SaW2~oho sin e J 
These sets of transcendental equations can be solved “graph- 
ically” with the use of the nondimensional coefficients: 

+ RLp’ sin e + ILp’ cos e 1 
W.&f b IMpI + IMTJ cos e - RAfT’ sin 0 1 

If these coefficients are plotted against the ratio ho/a0 for 
several values of e at a given value of k, wherever Cw, is 
equal to C,, at the same value of 8, there exists a point of 
zero work. Plotting e against ho/a0 for these points of zero 
work produces the curves shown in figure 18. Superimposed 
on the same plot are curves showing possible oscillator set- 
tings and the particular condition chosen for testing is 
marked with a large dot on the curve for k=0.3 at h,/ao=15 
and 0=225’. The properties of the corresponding wing, 
as determined from the solution of all four equations of 

motion, are : 
m ---- 14, a= -0.26, S, =0.013, and ?i-ub = 1.2 

rP b3 
inches, where b=5.75 inches. 

.3 

.2 

.I 
0 30 60 90 120 150 I80 210 240 270 300 330 360 

4 deg 
FIGURE 18.-Graphical solution for flutter conditions. 

ANALYSIS OF RESULTS 

GENERAL DISCUSSION 

A prime consideration throughout the entire program has 
been the desire to obtain really quantitative results, and a 
great deal of energy has been expended to this end. An 
arbitrary error limit of f5 percent which was set early in 
the development program required that each component of 
the entire system have a predictable behavior within a few 
percent. 

An examination of figures 6 to 17 reveals some clues as to 
how accurate the results actually are. Looking first at the 
pure motions in figures 6 to 10, it may be seen that especially 
for the smaller amplitudes the experimental points lie in 
narrow even bands. The width of these bands is an indica- 
tion of the uncertainty of the measurements and can be 
attributed to items such as unevenness of air flow, small 
variations in airspeed, and dif3culty in finding amplitudes 
and phase angles from the galvanometer traces. For the 
larger-amplitude pure motions the series of tailed points 
do not necessarily fall in the same bands as the other points, 
undoubtedly because of the fact that they are derived from 
tests using the stiff set of force-measuring elements rather 
than the soft. Since these tests with the stiff elements were 
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made some months after the other tests, a comparison of the 
results gives an indication of the consistency of the over-all, 
apparatus. The moment phase-angle data in large-ampli- 
tude pitch, for example, show that while the inaccuracy or 
spread is consistent the averages of the two series differ by 
as much as go. Similar trends are evident in 2-inch-transla- 
tion lift magnitude and moment phase angle. These dif- 
ferences probably arise from such sources as variations in 
accelerometer-signal amplitudes, carrier-voltage variations, 
and even improvements in technique and equipment. 

A variation more difficult to account for is the apparent 
shift in the lift magnitude and phase angle in l-inch transla- 
tion at a reduced frequency of 0.2. This shift does not 
indicate some failure or sudden change in the mechanism or 
instruments because it is in the same place for each airspeed 
and the entire frequency range was covered for first one air- 
speed and then another. The static calibrations gave no 
clue and some preliminary tests for the Z-inch amplitude 
showed the same shift. A minor breakdown in the oscillator 
linkage at this point prevented further investigation and the 
trend was completely absent from subsequent tests. 

A fact pertinent to this discussion is that, although phase 
angles are inherently difficult to measure on the records, they 
are not changed by variations in carrier voltage, element 
sensitivities, or calibrations and are thus in a sense surer to 
be right than magnitude measurements. The absolute 
magnitudes of the phase angles, however, are dependent on 
the accuracy of the reference-position indicator. For the 
earlier tests the output of the position accelerometer was 
badly obscured by natural-frequency hash as shown in figure 
4, since it was necessarily an undamped accelerometer. The 
use of a Kollsman rotatable transformer eliminated the hash 
but introduced the problem of setting the transformer in 
phase with the oscillator. An unceasing effort was made to 
reduce the general hash level on the records, but little 
improvement could actually be achieved. 

PURE MOTIONS 

Viewing the data with the reservations dictated by the 
previous discussion, several general trends are noticeable. 
The agreement between theory and experiment is remarkably 
good for phase angles with the possible exception of lift in 
2-inch translation. The magnitudes of lift and moment are 
in close agreement for translation but show definite devia- 
tions from the theory in the case of pitch. For the smaller 
pitch amplitude the moment checks better than the lift 
whiie for the larger amplitude the reverse is true. In 
general, however, the deviations become more pronounced 
at the small values of reduced frequency. This trend is 
discussed further in the section “Component Analysis.” 

Although the drag forces are very small compared with 
the lift, and the drag trace is sometimes almost totally 
obscured by hash, it was possible to obtain “average” 
values of the magnitude of the oscillating portion of the 
drag in the case of pure pitch. Since drag is positive for 
both positive and negative angles of attack and since there 
is a very slight tilt to the air stream in the test section, the 

drag trace appears as a displaced nonsinusoidal double- 
frequency curve with alternate peaks of slightly different 
amplitude. It is the average amplitude of these peaks that 
leads to the coefficients plotted in figure 8. The most 
noticeable characteristic of these curves is the definite posi- 
tive slope, especially for the larger-amplitude motion. A 
probable cause is an increased turbulence or breaking away 
of the flow at the higher reduced frequencies, which is not 
unreasonable when it is remembered that the airfoil is 
oscillating through a total amplitude of. 27O at frequencies 
as high as 17 cycles per second. 

When the pure motions are superimposed on an initial 
angle of attack, the magnitudes of the oscillatory components 
of lift and moment drop off noticeably although the phase 
angles still show good agreement with the theory. In the 
case of superimposed pitch, for instance, the moment 
magnitude is somewhat less than for the larger-amplitude 
pure-pitch case. It is interesting to note that, although the 
records for these tests were not so clean and consistent as 
for previous tests, the uncertainty or spread of points is 
not noticeably worse. 

Figure 14 contains the data for the components of lift and 
moment due to the initial angle. These values were ob- 
tained by measuring the clisplacement of the center line of 
the sinusoidal trace from the galvanometer zero position and 
for the range covered there appears to be no definite trend 
either up or down. Although the uncertainty of the points 
is usually small, there is definitely a greater possibility of 
error than in measurements on the oscillating portion of the 
traces because of the greater complexity of the record- 
analysis procedure for the component data. In all cases 
the points at zero reduced frequency are values obtained 
from the static coefficient tests. 

COMBINED MOTIONS 

The combined-motion tests were run in two sections at 
two different times. The tests illustrated in figures 15 and 
16 were run at a constant reduced frequency of 0.3 with the 
phasing between the pure motions as the variable, using the 
soft elements. The tests illustrated in figure 17 were run 
with the stiff elements at a later date, holding the phasing 
constant at about 225’ and varying the reduced frequency. 
In this way the flutter condition, at k=0.3 and 8=225’ as 
found in the previous section, was approached from two 
directions with the hope that the experimental values at the 
common point would check. As can be seen by comparing 
figures 16 and, 17 this is not the case, especially for moment. 
A thorough investigation of the possible sources of the error 
indicates that incorrect signals must have been coming from 
the multiple accelerometer at least for part of the range of 
phase variation in the case of lift in figure 16. The fact that 
the ratio of translation amplitude to pitch amplitude could 
not be kept constant as the phasing between the motions 
was varied hindered and complicated the search. The 
reason for the considerable difference in the moment data 
could be adequately determined only by a repetition of the 
tests. 
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(a) 0=X25.5’; h./a.=15. 

FIGURE lg.-Net work per cycle in combined motions. 

(b) k=0.3. 

0) 30 60 90 120 150 180 210 1 24w270\300 330/360 



AERODYNAMIC DERIVATIVES OF A SINUSOIDALLY OSCILLATING AIRFOIL IN TWO-DIMENSIONAL FLOW 23 

The above-mentioned discrepancies are damaging, how- 
ever, only in a quantitative sense as the data are still val- 
uable in showing that the trends predicted by the theory are, 
in general, correct. When the total work per cycle is cal- 
culated and plotted against k and 0 in figure 19 (data in 
tables VIII through X) the points follow the theoretical 
curves in a remarkably consistent manner. Closer investi- 

~gationyields the fact that at this flutter condition the work 
per cycle due to lift has a far more important contribution 
to the total than the work per cycle due to moment. Thus, 
since the work per cycle due to lift is the product of the 
imaginary component of the lift and translational velocity, 
it becomes apparent that the good agreement on the work 
done is readily possible in spite of the comparatively 
poor data in figures 16 and 17. 

The three-dimensional plot in figure 20 (data in table XI) 
is an attempt to show graphically the variation in work per 
cycle at the amplitude ratio of the flutter condition. For 
any value of reduced frequency the variation is sinusoidal 
although the amplitude, phase, and mean value all change 
for different values of reduced frequency. Thus the theo- 
retical curve of work per cycle against reduced frequency 
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in figure 19 corresponds to the element of the surface at 225.5’ 
in figure 20. The intersection of the surface with the zero 
work plane shows all possible flutter conditions at this 
amplitude ratio although they are not, of course, all for a 
wing of the same characteristics as assumed in this report. 

COMPONENT ANALYSIS 

With the hope of gaining a better understanding of the 
factors which determine the’ aerodynamic reactions on a 
simple airfoil in two-dimensional flow, a study has been 
made of the magnitude and effect of each term in the 
theoretical equations. 

Looking first at the equations given by Theodorsen in 
reference 1, 

L=-pb2(Vmi+di-~bati)-2+‘bC Va+jL+b 
[ (2 14 1-i 

M= - pb2 [r (;-a)Vbdr+sbZ (f+a2) G-mbil]+ 

2pVbza(a+;) C[Va+h+b (;-a) &] 

FIGURE al.-Component analysis. Lift in pure translation. Bm=kV2; Em==ikC. 
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it is simple to reduce these equations to the cases of pure 
translation and pure pitch; that is, 

. . 
L,=--vrpb2h-2nybVC(h) 

L,=npb3aa-apb2Vdr-%rpbVC[Vci+b (&a) &] 

MT=?rpb3a6+2npb2V 

%pb2V (a+$)(?[ Va+b (i-a) &] 

The lift force L,, for example, is made up of only two terms, 
of which the first is a pure inertia reaction term, and the 
second is a lift due to induced angle of attack modified by 
the wake according to Theodorsen’s function C=F+iG. 
Similarly, LP consists of an inertia reaction term proportional 
to angular acceleration, another type of acceleration term 
involving the product Vdr, and terms due to angle of attack 
and rate of change of angle of attack modified by the 
function C. The moment terms are quite similar to the 

.25 

I I 1 Two-dim. 

# 

/ , 

.4 .6 .8 1.0 I. 
k= wb 

1/ 

lift terms except for t*he addition of various functions of 
a, a measure of elastic-axis position. 

If the substitutions 

h= hodot 

a= aoef”’ 

are made and the reduced frequency k=ob/V is introduced, 
the equations become : 

-L p=;--ikC=B,,+E,, 
4rqho 

L --=-~-~-b-ik(~-a)C=ALp+B~~+ 
4aqba, 

D,w + Em 

MT ---=-$+ik(i+a)C=B,,+EMT 4irq bh, 

~~~=-~(~--a)+~(~+a2)+(~+a)C+ 

ik(~-a)(a+a)G=A,,+B~~~+D,,+E,, 

.I4 

.I2 

.I0 

.08 

T 

.4 .6 .8 1.0 1.2 
/(=A!& 

v 

FIQURE 22.-Component analysis. Moment in pure translation. BMT= --ak1/2; EMT- (:+a) ikC-(<a+a) Em. 
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Each of these individual terms has been plotted in figures 
21 to 24 (data in tables XII through XIV) for an airfoil 
with elastic axis at 37 percent chord (a= -0.26). The 
total of each group of terms is marked two-dimensional. 

Since tables of spanwise load distribution and modified 
C-function for an aspect ratio of 6 were readily available in 
reference-2 by Reissner and Stevens, an approximate correc- 
tion has been~alcmatkd and applied to each two-dimensional 
theoretical curve. These three-dimensional corrections have 
been included in this analysis because absolutely perfect 
two-dimensional flow conditions did not exist during the 
tests. At all times there was a clearance between the edges 
of the wing and the vertical end plates of the order of 552 or 
)fs inch through which air could move from one surface to 
the other during the oscillations. The three-dimensional 
curves, then, indicate the direction and magnitude of a 
correction for an aspect ratio of 6. 

The dashed curves indicate the average of the experi- 
mental data for the smaller-amplitude pure motions. It is 
interesting to note that in the case of pitch the experimental 
curves fall between the two-dimensional and the three- 
dimensional curves and appear to correspond to an aspect 
ratio considerably higher than 6. The inconsistent be- 
havior of the experimental data for lift in translation may 

.2 

---------- 

/- 4~ 

O--; 
- 

ELP 

-.2 

-1.4; I I 
.2 4 .6 .8 1.0 I 

k.f$ 

be attributed entirely to the shift in the curves shown in 
figure 9(a). Far more consistent results would be obtained 
if the data for the 2-inch translation were plotted instead. 
For moment in pure translation the data plotted are consist- 
ently higher than even the two-dimensional theoretical curve 
although the curve for the higher amplitude would be in far 
better agreement. The poorer data are plotted primarily 
for the purpose of gathering additional clues to the reasons 
for their trends. 

HARMONIC ANALYSIS 

An assumption which is rather easily checked from the 
experimental data is that the aerodynamic reactions on a 
wing are perfectly sinusoidal for sinusoidal motions.- 

During the course of the data analysis, periodic checks 
were made to be sure that the galvanometer traces were 
very nearly sinusoidal so that the measuring of amplitudes 
and phase angles was a valid procedure. Since a more 
careful check was desired, two typical larger-amplitude 
pure-motion records were carefully enlarged photographically 
and examined thoroughly. Pure-motion records were used 
because they are relatively free of hash and the traces are 
fairly large. Also the larger-amplitude records were more 
likely to deviate from perfect sinusoids than those for the 

1 smaller amplitude. 

FIGURE 73.-Component analysis. Lift in pure pitch. ALP= -ik/2; Br,.p=--ak?C$ DLP= -C; Em-- (f-a) ikC. 
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FIGURE 24.-Component analysis. Moment in pure pitch. A.vp= - t (;-a)=(;-+,,,.; Bn,p=;(;+a+ D.w=(;+n) L‘; EA,P=($+. 

The results of the investigation were negative for both 
pitch and translation in that no deviations were found of an 
order greater than might have been caused by sma.11 varia- 
tions in the oscillator motion or by slight nonlinearity of the 
instrumentation system. 

CONCLUSIONS 

The lift and moment on a symmetrical airfoil oscillating 
harmonically in a two-dimensional flow were experimentally 
determined and the results were analyzed and compared with 
the predictions of the vortex-sheet theory. The most 
general conclusion to be drawn from this analysis is that the 
experimental data corroborate the predictions of the theory 
over an important range of reduced frequency. In addition, 
the following more specific conclusions may be drawn: 

1. The component analysis indicates that two-dimensional 
conditions were not quite realized for the M. I. T. tests, 
although the effective aspect ratio was well above 6. A 

reduction of the clearances between airfoil and vertical 
end plates would undoubtedly raise the effective aspect 
ratio to a very high value. 

2. For pure motions the effects of amplitude and initial 
angle of attack appear to be small for reasonable amplitudes. 
If the stall range is approached, however, or if very small 
angles of attack are under consideration, very definite 
deviations from the theory must be expected. 

3. The combined-motion tests indicate that, for the 
typical flutter condition chosen, the experimental and 
theoretical work-per-cycle conditions check very well. The 
net work per cycle for a motion corresponding to flutter 
was experimentally determined as zero. Unfortunately 
generalizations in a quantitative sense for the remaining 
combined-motion data are not justified because of the incon- 
sistencies of some portions of the data. Qualitatively, the 
trends predicted by theory are followed quite accurately 
although the combined-motion field is so broad that the 
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present test program only touched some of the high spots. 
4. In the case of pure pitch. there is an encouraging 

agreement between various independent groups of data. 
Tests made on wings of different dimensions and profiles in 
various types of wind tunnels and with entirely different 
measurement systems all seem to check quite well. Although 
several minor Reynolds number effects are noticeable the 
basic trend indicates that the agreement between theory and ,_’ .- ~. -- ,. ., ..- .- ~..__.. . . ,^, 

APPENDIX 

SURVEY OF REFERENCE MATERIAL 

An intensive search of available material yielded a con- 
siderable amount of experimental data compiled both in 
the United States and Europe dealing with the aerodynamic 
reactions resulting from pure pitch. Apparently no previous 
work of this type has been done on pure translation or true 
combined motions and none of the experimenters in pitch 
measured both lift and moment. Curiously, previous work 
in this country has been concerned only with lift in pure 
pitch while the British have made extensive measurements 
on moment in pure pitch. The material dealing with lift 
will be examined first, followed by the material concerning 
moment. A summary of airfoils used in the experiments 
described on the following pages appears in figure 25. 

Reference 3 Reference 4 
E.A.t-p- 5 1.8 x 36.75” 

I8 percent thick ‘25c E.A.f==j.40~ 

L 

Reference 5 
I I 

E.A.-/-15x36.-+oc 

NACA 0015 

experiment becomes better as the Reynolds number is 
increased. Tests below a Reynolds number of 150,000 may 
actually give incorrect trends as well as poor quantitative 
data. 

MASSACHUSETTS INSTITUTE OF TECHNOLOGY, 
CAMBRIDGE’, MASS., April I, 1948. 

I 

NACA 0015 

Reference 6 

E.A. -~- 
9x40” .5oc 

Joukowski, I5 percent thick 

E’A-~~51)6”~.30C E,A., Reference 7 t.50c 

NACA 0015 9 x 40” 
r Joukowski, 15 percent thick 

E’A+--~-~‘40c E.A.--+.33c 
NACA 0015 

Joukowski, 15 percent thick 

E’Aj=--=$30C E.A., M.I.T. , 

NACA 0015 11.6;24” .37c 

NACA 0012 
FIOURE 25.-Airfoil dimensions. E. A., elastic axis. 

The first attempt in this country to corroborate the then 
new theory as put forth by Theodorsen was made in 1939 by 
Silverstein and Joyner (reference 3) who presented some 
experimental data on the lift phase angle in pure pitch. 

Their relatively long and narrow airfoil was driven at one 
end and supported by a cantilever beam at the other. 
Minute vertical deflections of the beam were amplified 
optically and recorded on film. The results demonstrate 
qualitative agreement with the theory but, when plotted 
against reduced frequency rather than its reciprocal, they 
show a very considerable spread above lc=O.3. The points 
which could be read from the published graph with a reason- 
able degree of accuracy are reproduced in figure 26 (a). 

The next known work was done by Vincenti under the 
supervision of Reid at Stanford University (reference 4). 
Measurements of both the magnitude and phase of the lift 
in pure pitch were made on a considerably larger wing (fig. 
25) with an apparatus basically quite similar to that used 
by Silverstein and Joyner. Fairly good qualitative agree- 
ment for both magnitude and phase angle was obtained. 
Only the phase-angle results are reproduced in figure 26 (b) . 
Insufficient information was available in the published re- 
port to permit conversion of the magnitudes to the notation 
used in this report. As will be seen later, the poor quantita- 
tive results can be attributed largely to the low Reynolds 
numbers Re ,,,=200,000 at which the tests were performed. 

After Vincenti’s rather promising results were obtained 
a comprehensive program was undertaken by Reid (reference 
5) using the same basic apparatus. As illustrated in figure 
25, four different models were used which permitted various 
combinations of chord and elastic-axis position. Repre- 
sentative results are reproduced in figures 27 and 28 (data in 
tables XV and XVI) for an oscillation amplitude of f2.5“ 
and for frequencies of 6.66 and 10 cycles per second for 
models A.and B and models C and D, respectively. Since 
the range of reduced frequency was covered by varying the 
airspeed rather than the frequency, the Reynolds number 
decreases in inverse proportion to the reduced frequency. 

In order to put these Stanford results on a basis directly 
comparable with the M. I. T. results for the purpose of a 
Reynolds number survey, the data have been slightly modi- 
fied to correct for the differences in elastic-axis position. 
Thus for models A and C the correction is: 
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and oscillating conditions. All of the oscillating lift mag- 
nitudes were then divided, by the values corresponding to the 
infinite-aspect-ratio lift-curve slope for the NACA 0015 
profile of 0.100 per degree. These revised calculations are 
the basis of the plots reproduced in this report. The con- 
version in nomenclature is simply: 

=0.0492k2-0.1885ikC 

and for B and D, 

L -=-0.2199k+0.4398ikC 
4qbao Rp-iILp=ao(-rA--ZvrB) 

These corrected results are also plotted in figures 27 and 28 
and should be compared with the theoretical curves which 
arc for a= -0.26. 

In first presenting his results, Reid plotted the ratio of the 
magnitude of the oscillating lift to the magnitude of the lift 
under steady-state conditions at a corresponding amplitude. 
After noticing several apparent inconsistencies in the trends 
of his data, he discarded his previous assumption that 
identical stream-boundary effects occur under both steady 

where A and B are the real and imaginary components of the 
lift magnitude as given by Reid. Actually, to provide a 
comparison with the theory of the same form as used with 
the other data in this report, the Stanford lift magnitudes 
should be reduced by the ratio of 5.73 to 2~ or almost 10 
percent because of Reid’s introduction of the lift-curve slope 
of 0.100. With this reduction the magnitudes would fall on 
or slightly below the theoretical curve and thus be quite 
consistent with the average M. I. T. results. 
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(a) Data from reference 3; effective aspect ratio, 12.5. (b) Data from reference 4. 

FIGURE %-Lift phase angle in pure pitch. 
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FIWJRE 27.-Lift in pure pitch for Stanford models A and C. Oscillation amplitude, &2.P. Model A: a=-0.2,6=7.6inches; model C: a=-0.2, b=5.0lnches. 
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In general, the results obtained by Reid are in good agree- 
ment with the theory, both as to magnitude and phase angle, 
as long as the Reynolds number remains above at least 
125,000. The effect of either amplitude or mean angle of 
oscillation appears to be negligible so long as the former is 
not too small and the angles of attack do not exceed the 
linear range of the steady-state lift curve. Serious devia- 

L tions..for. an amplitude of f 1.’ indicate that the ratio of 
linear displacements of points on the airfoil to the transverse 
dimensions of the boundary layer may be important for very 
small amplitudes. 

To provide a comparison between the Stanford data and 
those obtained at M. I. T., values of lift magnitude and 
phase angle for various reduced frequencies have been 
plotted against Reynolds number in figure 29 (data in tables 
XV through XVII). Trends for each value of reduced 

3.6 e-W 

2.8 \I I I I I 

2.4-----.: -= 0 c. -- 
* JL/>zgr? -----_-- - 

-----.------~--------- ----- ,--a-,---------- 

““i-ii-l- 
1.2 .~ 

.8 

A 

0 .2 .4 .6 .8 I.0 
Re 

I 
I 1.2 

frequency are indicated by short curves for Stanford and 
M. I. T. The corresponding theoretical values are also 
plotted. The agreement between trends is remarkably con- 
sistent. Quantitatively the check is also quite good for 
both magnitude and phase angle if the Stanford lift mag- 
nitudes are given the previously discussed 10 percent 
reduction. 

The available data on British measurements of moment 
in pure pitch are contained principally in references 6 and 7. 
The apparatus used to obtain these data rotates the airfoil 
in the tunnel with one steel band and an identical airfoil 
outside of the tunnel with another steel band. The dif- 
ference in the tensions of the two bands is a measure of the 
aerodynamic moment and operates a mechanical balance 
with a magnetostriction stress unit. The resultant electrical 
signal is photographed as it appears on the face of a cathode- 
ray oscilloscope. 

250 I I I 
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Fmum 29.-Reynolds number effect. Lift in pure pitch. 
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The British are apparently primarily interested in the 
effect of initial angles of attack on the damping or imagi- 
nary part of the moment signal so that data at zero initial 
angle are not very plentiful. Quite a few tests on wings of 
Unite aspect ratio were also made as well as with wings of 
different profiles. 

Inasmuch as a complete airfoil was used as a moment-of- 
inertia balance, not only the structural moment of inertia 
was canceled out by the balancing procedure, but the effec- 
tive moment of inertia of the air surrounding the airfoil as 

well. This term, g according to the theory, becomes 
I 

quite appreciable at higher values of reduced frequency 
and makes the comparison of the British and M. I. T. 
results rather difEcult, especially in view of the almost cer- 
tain inaccuracy of the theory at zero airspeed. A correction 
for one-half- and one-third-chord elastic-axis positions 
must also be made to permit comparison of the two se& of 
data. Thus the plots in figures 30 to 33 show the British 
data first simply converted to the method of presentation of 
this report and second corrected for ideal air inertia and 
elastic-axis position. Theoretical curves are given for both 
conditions. 

.6 
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V 
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FIGURE 30.-Moment in pure pitch. a.=f5.13”. 
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In figure 30 and tables XV and XVIII the data 
from reference 6 show good phase-angle agreement 
with the theoretical, especially for the higher Reynolds 
numbers, but the magnitudes are somewhat too high. Fig- 
ures 31 and 32 and tables XV and XIX from reference 7 
are also for a half-chord axis and the curves show the same 
general trends. Because the flexibility of the airfoil was 
resulting in appreciable deflect,ions of the center section 
under load, the data of figure 32 were taken with an addi- 
tional center support for the airfoil as a check against the 
original data of figure 31. The surprisingly high moment 
magnitudes at zero reduced frequency in figure 31 were 
obtained from static pitching-moment curves by integration 
over a complete cycle of incidence variation (reference 7). 
The results for a third-chord axis in figure 33 and tables XV 
and XIX show similar trends although the agreement for 
both magnitude and phase is poorer than with the tests 
about. the half-chord axis. It is interesting that the higher 
Reynolds number gives a somewhat better agreement with 
the theoretical predictions. 

When the corrected British data are plotted with corre- 
sponding M. I. T. data against Reynolds number in figure 34, 
several definite trends may be noticed. The rate of change 
of moment magnitude with Reynolds number apparently 

increases markedly at the higher reduced frequencies for all 
three sets of data. For moment phase angle, however, the 
data from reference 6 appear to be somewhat out of step 
with the remarkably consistent data from reference 7 and 
M. I. T. 

REFERENCES 

1. Theodorsen, Theodore: General Theory of Aerodynamic Instability 
and the Mechanism of Flutter. NACA Rep. 496, 1935. 

2. Reissner, Eric, and Stevens, John E.: Effect of Finite Span on the 
Airload Distributions for Oscillat,ing Wings. II-Methods of 
Calculation and Examples of Application. NACA TN 1195, 
1947. 

3. Silverstein, Abe, and Joyner, Upshur T.: Experimental Verification 
of the Theory of Oscillating Airfoils. NACA Rep. 673, 1939. 

4. Reid, Elliott G., and Vincenti, Walter: An Experimental Deter- 
mination of the Lift of an Oscillating Airfoil. Jour. Aero. Ski., 
vol. 8, no. 1, Nov. 1940, pp. l-6. 

5. Reid, Elliott G.: Experiments on the Lift of Airfoils in Non- 
Uniform Motion. Stanford Univ. Rep., July 23, 1942. 

6. Bratt, J. B., and Scruton, C.: Measurements of Pitching Moment. 
Derivatives for an Aerofoil Oscillating about the Half-Chord 
Axis. R. & M. No. 1921, British A. R. C., Nov. 1938. 

7. Brat& J. B., and Wight, K. C.: The Effect of Mean Incidence, 
Amplitude of Oscillation, Profile and Aspect Ratio on Pitching 
Moment Derivatives. R. & M. No. 2064, British A. R. C., 
June 4, 1945. 



AERODYNAMIC DERIVATIVES OF A SINUSOIDALLY OSCILLATING AIRFOIL IN TWO-DIMENSIONAL FLOW 37 
TABLE I.-THEORETICAL VALUES OF MAGNITUDES AND PHASE ANGLES AGAINST REDUCED FREQUENCY FOR PURE 

MOTIONS 
[Elastic axis, 37 percent chord; semichord b, 5.80 in.] 

Pure translation, R.=l.Cwl in. Pure pitch, u.=6.74” 

0 270.00 0 
0 

:E 267.43 ‘. -~ 

22. 263: 38 fi 

.0013 . Ccl31 EEi 83: 97 . 010 
.025 

:Ei .a049 .m59 81.54 80.16 .040 
.050 

2.Z; 262.80 262.04 .OOQ2 .0071 76.41 78.90 :%i 
.0455 261.64 .0112 74.78 ,100 
.0530 261.52 .0132 73.08 .120 
.0667 261.90 .0163 70.22 .I60 
.07Q4 263.05 .O!B4 67. 80 
.0912 264.56 .0239 65.65 :z 
.1082 267.48 .0291 62.80 ,300 
.1191 269.66 .0327 61.03 .340 
: :E; 275.63 273.21 .a380 ,041s 58.58 57.03 .406 

.440 
.1642 279.44 .0475 54.82 
: E 283.19 285.64 .0577 .0536 52.70 51.35 :E 

.2159 289.27 .0644 49.42 5% 

.2.306 291.55 .06X9 48.18 .7OQ 

.2697 297.10 .OSll 45.22 ,800 

.3638 306.53 1089 40.03 1. CHIO 

.4793 314.03 : 1415 35.70 1.200 

.6939 322.40 .2002 30.45 1.500 
1.1626 331.43 .3249 24.20 2.000 

0.3697 
.3&36 
.3542 
.3448 
.3389 
.3332 
.3224 
.3123 
.3266 
.2893 
.2779 
.2691 
.26% 
.2574 
.2559 
.2566 
.2Km 

: % 
.2793 
.2x60 
.3045 
.3227 
.3957 
.4841 
.6379 

TABLE II.-EXPERIMENTAL VALUES OF MAGNITUDES TABLE II.-EXPERIMENTAL VALUES OF MAGNITUDES 
AND PHASE ANGLES FOR PURE PITCH; PITCH AMPLI- 
TUDE, 6.74” 

AND PHASE ANGLES FOR PURE PITCH; PITCH AMPLI- 
TUDE, 6.740-Concluded 

[Elastic axis. 37 percent chord: semichord b, 5.80 in.: initial angle ai, 0-1 

105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 

93. 2 

2: ; 
93.2 
93.2 

2; 
93.2 

2:; 
93.2 
93.2 
93.2 
93.2 
93.2 
81.0 
31.0 
81.0 
81.0 
81.0 
81.0 
81.0 
81.0 
81.0 
31.0 
81.0 

075 
: 079 
.086 

094 
-102 
,115 
,123 

134 
,140 
,149 

1FYl 

:z 
:148 
,059 
,070 
,078 
,087 

099 
. 109 

::i; 
: E 
,160 

170 
,181 

:Z% 

::i; 
,134 
.144 
.157 
,170 

180 
:195 
.208 
,221 
.234 

0.273 
,268 

:2: 

:E 
,260 

257 

:2: 
: 2: 
: 2: 
$9” 

: 268 

:;iZ 
,266 
.256 

2.52 
256 

: 254 

: 2: 
.249 
.240 
,245 

:% 
2.51 

,243 
,251 

248 
:251 
,247 
,247 
,244 

:Z 
,236 

174 
178 
1R” 
178 
178 
178 
182 
183 
150 
130 
173 
179 
182 
179 
186 
178 
176 
175 
180 

El 
180 
133 
186 
186 
182 
184 

:iz 
181 
184 
182 

:z 
187 
189 

0.0755 
.0742 
.0742 
.074O 
.0704 
.0705 
.0696 
.6696 
.0738 

: E 
.0742 

0725 
.0715 
.0763 
.0755 
.0773 

“7.W 
.0704 

0712 
-0707 
.0712 
.071x 
.0712 
.0751 
.0736 

0752 
,074s 
.0774 
.0766 
.0802 

Oil0 
.0718 
.0710 
.0700 
.07rKl 
.071x 
.0710 
.07Oil 
,071s 
,071s 
.0749 

351 
343 
349 
346 
352 
344 
338 
337 
341 
336 
334 
332 
337 
332 
333 
338 
351 
x,1 
351 
346 
R4R 
342 
339 
339 
343 
339 
337 
332 
332 
337 
336 
342 
342 
339 
335 
334 
338 
333 

iti 

ii: 

[Elnstio axis, 37 percent chord; semichord b, 5.80 in.: initial angle w, 0’1 

I 
I 

- 

Record 
lumber 

Volooity. 
1’ (mph) 

__- -I 
1875 
1876 
1877 
1878 
1879 
1830 
1881 
1882 
1884 
1885 
1386 
IRRi 
1889 
1890 
1891 
1892 
1896 
1908 
lW9 
1910 
1911 
1913 
1914 
1915 
1916 
1918 
1919 
192l 
1921 
1923 
1924 
1925 
1928 
lQ29 
1930 
1931 
1933 
1934 
1935 
1936 
1938 
1939 
1940 
1941 
1943 
1944 
1945 
1947 
1948 
1949 
1950 
1952 
1953 
1954 
1955 
1957 
1958 
1959 
1960 

81.0 
81.0 
81.0 
81.0 

105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 

93.2 
93.2 
93.2 
93.2 
93. 2 
93. 2 
93.2 
93.2 
93.2 
93.2 
93.2 
93.2 
93. 2 
93.2 
93. 2 
81.0 
81.0 
81.0 
81.0 
81.0 
81.0 
81.0 
81.0 
81.0 
31.0 
81.0 
81.0 
81.0 
81.0 
81.0 

105.4 
105.4 
105.4 
105.4 

93. 2 
93.2 
93.2 
93.2 
81.0 
81.0 
81.0 
81.0 

Reduced Lift 

0.068 
,078 
,090 

106 

:E 
.2u3 

:% 

:z 
,244 
,256 
,262 
.231 

:k% 
,216 

:Z 
,246 

: 2: 

: 2 
,300 
,308 
,304 
,316 
,344 
,352 
,374 
,248 
,257 
.276 

:%2 
,308 
,316 
,330 
.344 
.358 
,366 
,374 
,394 
.410 
,416 
,330 
,336 
.341 
,368 
,373 
,389 
.389 
,404 

22 
.445 
,460 
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TABLE III.-EXPERIMENTAL VALUES OF MAGNITUDES 
AND PHASE ANGLES FOR PURE PITCH; PITCH AMPLI- 
TUDE, 13.48’ 

TABLE IV.-EXPERIMENTAL VALUES OF MAGNITUDES 
AND PHASE ANGLES FOR PURE TRANSLATION: TRANS- 

[Elastic axis, 37 percent chord; semichord b, 5.80 in.; initial angle a;. 0’1 

LATION AMPLITUDE, 1.00 INCH 
[Elastic axis, 37 percont chord: somiohord b, 5.80 FIG initial angle a~, O”l 

0.307 
,305 
,300 

:?4 
,261 
,253 
,235 

:Ei 
,208 
.201 

::t; 

:% 
.153 

: :z 
,121 
,114 

:A:: 
.08X 
,082 
,071 
,363 
,350 
,340 
,324 
,313 

298 

: iti 

:Z 
,246 
.239 
,224 
,216 
,203 

: ::i 
.173 
.160 
,149 
.139 
.128 

:::i 
.097 
.0x9 
.081 
,072 

274 

:Z 
,250 

: z 
.199 

2;: 

:% 
,133 

126 
: 111 

: E 
,079 
,069 
,062 
,055 
,370 
.343 
,332 
.324 
,314 
,300 
,284 

T 
- 

1 

: , 

-- 

Lift Moment II I 
- 

I 

, c 

-- 

O: ii’: 
.128 
.115 
.204 
.1X6 
.172 

: 2 
.23X 
.222 

:E 
.271 
.255 
,130 
.121 
,106 
,174 

::2 
.140 
,212 
.207 

191 
: 183 
,245 
,237 
,230 
.116 
,104 

:E 
144 

:132 
.124 

3: 

::: 
.220 
,210 
,200 

Lift Moment 

%i 
2006 
2007 

iti: 
2011 
2014 
2015 
2016 
2017 
2019 

%Y 
2022 
2024 
2025 
2926 
2027 
202.8 

5% 
2631 
2035 
2036 
2037 
M42 
2043 

z% 
2048 
2049 
2050 
2651 
2053 
2654 
2055 
2056 
2058 
2059 

ii% 

E2 
2065 
2066 
2068 
2069 
2070 
2071 
x)74 
2075 
M76 
207i 
2102 
2104 
2105 
2106 
210i 
2110 
2111 
2112 
2113 
2115 
2116 
2117 
2118 
2120 
2121 
2122 
2123 
2121 

i%z 
2094 
2095 
2096 
2097 
2099 
2100 
2101 

Telocity 
v (mph1 

105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 
105.4 

%: t 

ii:; 
93.2 
93.2 
93.2 
93.2 
93.2 
93. 2 
93. 2 
93.2 
93.2 
93.2 
93.2 
93.2 
93.2 
93.2 
93.2 
93. 2 
93.2 
93.2 
93.2 
93.2 
93. 2 
93.2 
93.2 
93.2 
03. 2 
81.0 
81.0 
81.0 
81.0 
81.0 
81.0 
81.0 
81.0 
81.0 
81.0 
81.0 
81.0 
81.0 
81.0 
81.0 
81.0 
81.0 
81.0 

105.4 
105.4 

81.0 
81.0 
81.0 
81.0 
81.0 
81.0 
81.0 

9LT 
-- 

256 
252 
258 
253 

El; 
255 
254 
254 
258 
258 
260 
262 
262 
259 
261 
266 
267 
265 

if 
261 
261 

z‘i 
267 
262 
260 
261 

2 
257 
258 
258 
254 
254 
257 

22 
256 
255 
261 

;z 

Bwi&osi- 

curve 

El 
254 
251 
256 
260 
261 
257 

Bad posi- 

tion2cv 
259 
262 
262 
259 
264 
264 
264 
265 
261 
271 
272 
263 
254 
254 

E 
255 
253 

Record Iolooity 
7 (mph1 

E:i 

i% 
80 2 
80 2 

ii ; 

:; i 
80 2 
80 2 
80.3 

E 
91.5 
91.5 
91.6 
91.7 
91. 7 
91.7 
91.7 
91. 7 
91.7 
91.7 
91.7 
91.8 
91.8 
91.8 

%:i 

::i: f 

%: ; 
103.7 
103.8 
103.8 

:!I;: EI 

%: i 
103.9 

0.1224 
.1224 
.126Cl 
.1154 
.1214 

: E 
.Of!T?O 
.0798 
.0783 
,070X 
.0671 
.0701 

: E 
.0553 
.a514 
.0493 
.0471 
.0424 
.0397 

: Z 
.a357 
.0323 
.02x9 
.1340 
.1253 
.1295 
.1253 

1077 
:1164l 
.1133 

: E 

: ::i; 
.0952 
.0979 
.0946 
.0X99 
.0X50 
.0629 
.0610 
.05X1 
.0562 
.OKlO 
.a455 
.040X 
.a374 
.0362 
.0362 
.0307 
.0286 
.101X 
.105Q 
.1069 

:E 
.a760 
.a735 
.0635 
.0561 
.057X 

:Ei 
.a437 
.0430 
.0401 
.0367 
.0322 
.0299 
.0241 
.a202 
.I40 

146 
: 132 

:::i 

::E 

4LP 

E 
3062 
3063 
3065 
3066 
3067 
3068 
3070 
3071 
3072 
3073 
3075 
3076 
3077 
3105 
3106 
3107 
3109 
3110 
3111 
3112 
3120 
3121 
3122 
3123 
3125 
3126 
3127 
3129 
3130 
3131 
3133 
3134 
3135 
3136 
3138 
3139 
3140 
3141 
3143 
3144 
3145 

“:Z 
:E A& 
.031X 
.a203 
.0242 
.0256 
.0228 
.020X 
.0212 
.a201 
. Cl196 
.01X1 
.01X1 

0161 
.0150 
.0142 
.0126 

0132 
.011X 
.0113 
.0105 

0091 
.0396 
.0364 
.0342 
.0342 
.0345 
.032X 
.a295 
.0293 
.0299 
.0285 
,025s 
.0262 
.0267 
.0252 
.023X 
.0239 
.6224 
.0197 
.01X5 

: 3:; 
.0151 
.0143 
.0126 

0125 
.0121 
.a105 
.009x 

0254 
.0261 

0258 
.0254 
.0245 
.0242 
.a234 
,019s 
,OlQl 
.019x 
.a179 
.0172 
.0146 
.0131 
.a123 
.0112 
.a103 
.a088 
. 0081 
.6074 
.a414 
.0388 
,0402 
.0371 
.0417 
.03X5 
.0321 

0.502 

:% 
:% 
.48X 
.49X 
.495 
.497 
,497 
,504 

4: 
.504 

:::: 
,510 
.510 
.497 
.494 
.494 
.502 

:% 
.48X 

::: 
,483 
.4X1 

:% 
,499 

:% 

:% 

:% 
.495 
.499 
,495 
.4sil 
,490 

178 
177 
176 
177 
180 
179 
179 
176 
181 
182 
181 
180 
186 
182 
184 
178 
178 
177 
181 
181 
180 
179 
182 
183 
179 
176 
179 
179 

% 
172 
171 
174 
175 
172 
175 
175 

:;i 
173 
174 
174 
175 

0.134 
,135 
.136 

:% 
.140 
.139 
.140 
.132 
.132 

130 
:132 
.130 

: :z 
,135 
.13X 
.134 
.135 
.135 

135 
: 138 
.134 
.130 
,134 
.134 
.135 
.135 
.13X 
.130 
,132 
.132 

::ii 

::;i 

:E 
130 

: 133 
.I40 
,140 
.13X 

334 
336 
337 
339 
327 
329 
334 
333 
324 
324 
326 
330 
323 
325 
324 
337 
337 
340 
335 
335 
336 

iii 
330 
331 
330 
320 
321 
324 

iii 
337 
331 
333 

:ii 
325 

iit 
328 
324 

iit 

- 

3682 91.5 
3683 91.5 
3684 91.5 
3685 91.5 
3687 91.7 
3688 91. : 
3689 91.7 
3690 91.7 
3699 91.8 
3700 91.8 
3701 91.8 
3702 91.8 
3703 92.0 
3704 92.0 
3705 92. 0 
3706 92.0 
3iO8 92.0 
3709 92.0 
3710 92.0 
3711 92.0 
3713 91.7 
3714 91.7 
3715 91.7 
3i17 91.7 
3718 91. i 
3719 91.7 
3720 91.7 

- 
182 
187 
184 
184 
186 
184 
185 
189 
18i 
182 
186 
188 
182 
185 
184 
183 
182 
183 
185 
183 
184 
184 
181 
191 
192 
186 
186 

0.127 

: :;: 
::i; 
.129 
.129 
.131 
.129 
.127 
,126 

: 2: 
137 

: 136 
.132 

: :c 
.131 
,129 
,129 

:::i 

::;i 

:E 

321 

:i: 

iii 
333 
335 
335 
339 
331 
336 
341 
338 

2 
343 
335 
331 
332 
335 
316 
317 
322 
317 
318 
318 
318 

.520 
,515 
.520 
.524 
.527 
.515 
.512 
.512 

Z 
,496 
.512 

2% 

158 
: 153 
.141 
,218 
,205 
,203 

:E 
.322 
.31i 
.3X3 
.369 
,353 
,338 

- 
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TABLE V.-EXPERIMENTAL VALUES OF MAGNITUDES 
AND PHASE ANGLES FOR PURE TRANSLATION; TRANS- 
LATION AMPLITUDE, 2.00 INCH 

[Elastic axis, 37 percent chord; somichord b, 5.80 in.: initial angle ai, 0’1 

Lift Moment 
Record Velocity, 
umber V(mph) quyy, 

.\IRm~+I& SLT ~Rm~+Ibw~ 9.w 
--~ 

Stiff elements 

3659 91.4 0.166 0. 136 272 0.0348 3660 91.4 .162 .134 270 .0336 ;; 
3661 91.4 :::: 124 267 .0325 75 
3662 91.4 

3665 91.5 :% 

::2 272 .a310 77 

267 .0434 3666 91.5 165 267 .0408 
3667 91.5 ,199 271 .0408 

i 

366E 91.5 ,191 
:::: 

273 .03R2 83 
3672 91.6 ,259 ,202 266 .0507 71 
3673 91.6 ,248 ,192 273 .0483 76 
3674 91.6 ,242 lS6 271 ,048s 69 

%i 91.6 91. 7 .299 229 :E 26Q 273 .0467 .0566 :i 
3679 91. 7 .280 ,215 263 .0546 70 

3680 91. 7 :% : ;;T? 266 .0521 3722 92. 0 262 .0625 !Y 
3723 92.0 ,298 ,216 262 .0566 61 

TABLE VI.-EXPERI;LIE?;TAL VALUES OF MAGNITUDES AND PHASE ANGLES FOR PURE PITCH ABOUT AK INITIAL 
ANGLE; PITCH AMPLITUDE, 6.74” 

[Elastic axis, 37 percent chord; semichord 6, 5.80 in.; initial angle a;, 6.10’1 

3196 91.8 0.282 0.233 193 0.485 0.064 332 0.072 
3197 91.8 .266 ,233 189 :E .066 327 ,073 

3198 91.8 .254 230 : 230 185 ,065 326 3199 91. s ,243 lb9 

:E 

,067 329 :L% 

3202 91.9 ,230 : ;“3: 186 .065 329 3M3 91.9 ,217 187 462 
3204 91.9 ,205 

:;:i 
185 : 469 

065 329 :i% 

:E 
336 ,065 

3205 92.0 198 185 336 .067 

3208 92.0 3209 92.0 ;:;!: : 2: 189 : 

2: 

,062 190 .465 .063 “3:; : El 
3210 92.0 .163 238 187 .064 338 ,065 
3211 92. 1 .I56 : 240 185 

::2 
,063 343 ,070 

3215 92.1 :% ,238 183 
: 

:zi 
: 

ii; 341 .066 
3216 92.1 236 187 345 

3217 921 .122 ,236 183 .458 345 3218 92. 1 . 110 ,236 179 .450 :k% 343 r!‘i 
3219 92.2 
3234 80.0 

:i% :Zb” 182 ,458 ,064 345 ,062 
193 .465 .069 326 .066 

3235 80.0 ,239 ,246 191 469 

3236 80.0 :Z .244 191 :471 

:E 320 ,060 

326 3239 80.1 188 .061 332 :% 
3240 80.1 .248 

:i% 

187 

:% 

327 3241 80. 1 ,250 .23i 195 
: 

:ii 1; 335 2; 
3245 60.2 t215 ,234 189 336 .063 
3246 b0.2 .202 :Z 186 

E% ii:; :::; :: 

::i: :E 328 .065 

,234 .466 340 335 .068 ,070 
3256 2: ,153 ,233 182 ::ii :% 339 .073 

3257 ,141 : 2 182 .062 339 3258 80.2 ,134 184 ,440 .062 346 :E 
3259 80.2 ,115 ,234 184 ,434 ,062 349 ,068 
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TABLE VII.-EXPERIMENTAL VALUES OF MAGNITUDES AND PHASE ANGLES FOR PURE TRANSLATION ABOUT AN 
INITIAL ANGLE; TRANSLATION AMPLITUDE, 1.00 INCH 

[Elastic axis, 37 percent chord; semichord b, 5.80 in.; initial angle QI, 6.10’1 

TABLE VIII.-THEORETICAL VALUES OF MAGNITUDES, PHASE ANGLES, AND NET WORK PER CYCLE FOR COMBINED 
MOTIONS 

[Elastic axis, 37 percent chord; semichord b, 5.80 in.; initial angle PC, 0’1 

Variable reduced frequency 

0 225.10 1.37 5. 19 O;;g!i 1 3455:li:: 0.0685 225.10 -53.045 

.0X 225.10 1.3i 5. 19 .0584 208.45 
:E 225.10 225.10 1. 1.37 3i 5. 5. 19 19 .14:8 29.15 19. 50 ,051s .0465 194.88 170.35 

1;:: ;:a 
-8.600 

::I! 225.10 225.10 1.37 1.37 5. 5. 19 19 1097 1263 15.38 8. 22 .0484 0466 161.5i 150.07 -4.605 .6Ql 
,340 225.10 1.37 5. 19 143.23 3.595 
.4QO 225.10 1.37 5. 19 : 354.45 .0539 

IE 2. Qi .0502 
134.23 7.8i8 

,440 225.10 1.3i 5. 19 .0966 349.6 .0565 X29.8 __...._..___ 
,500 225.10 1.3i 5. 19 .1009 342. ? .0612 123.2 _........... 

:f%l 225. 225.10 10 1. 1.37 37 5. 5. 19 19 .1181 1098 333.7 336.5 .0695 .0661 117.4 114.0 
_......._.__ 

Variable translation amplitude, pitch amplitude, and motion phase angle 

0.300 0 1. 5OMl 3.37 0. 2310 233.64 0.0560 16.72 52.392 
.3M) 12 1.4142 9. 53 .5203 276.13 1540 57.35 155.298 
,309 1:E 10.11 .3829 2.02 1216 139. oi 13.868 
,300 270 9. 53 233.08 -67.457 
,300 lfli 5ooo 

1:5COO 1.4295 

10.11 : 197.50 .1121 
%i 108. Qi : 0712 

333.07 22.244 

:E 219.2 ::ES : 1094 1850 310.40 348.27 .0620 .a460 2i6.98 100.81 44.4OQ 10.127 
.3Oil 233. 2 1.1109 7.5; 48.08 .0564 307.43 -23.095 
.300 232.6 1.0271 8. 10 : E: 50.25 .0762 183.11 -%3.039 

:% 232. 231. i 1 .9956 .9636 8.28 8.45 : z: 50.47 50.75 .0788 .0816 18% 183.92 45 -23.826 -23.870 

:E 230.9 
E: : 

.8987 .9313 8.61 8.7i :E 50.12 50.45 .0841 ,086s 183.81 183.68 -23.553 -23.088 
,309 .a660 8.92 .2653 49.51 .0894 183.35 -22.366 
.3Ml 219.1 .6756 9.64 .3182 40.92 .1039 139.10 14.287 

I I II II II Ill II Ill1 I 



AERODYNAMIC DERIVATIVES OF A SINUSOIDALLY OSCILLATING AIRFOIL IN TWO-DIMENSIONAL FLOW 41 

TABLE IX.-EXPERIMENTAL VALUES OF MAGNITUDES, PHASE ANGLES, AND NET WORK PER CYCLE FOR COMBINED 
MOTIONS; VARIABLE TRANSLATION AMPLITUDE, PITCH AMPLITUDE, AND MOTION PHASE ANGLE 

[Elnstic axis, 37 percent chord; semichord b, 5.80 in.; initial angle as, 0”; reduced frequency k, 0.301 

TABLE X.-EXPERIMENTAL VALUES OF MAGNITUDES, 
PHASE ANGLES, AND NET WORK PER CYCLE FOR COM- 
BINED MOTIONS; VARIABLE REDUCED FREQUENCY 

[Elastic axis, 37 percent chord; semichord 0, 5.80 in.; translation amplitude ho, 1.37 in.; pitch 
amplitudea,, f5.1Q0; initial angle mi, 0’; motion phase angle !3, 225.1°1 

TABLE XI.-WORK-PER-CYCLE COEFFICIENT- 
THEORETICAL VALUES 

Elastic axis, 37 percent chord; semichord b, 5.80 in.; trunslntion amplitude h., 1.37 in.; pitch 
amplitude a., &5.19O; amplitude ratio ho/n., 15; c~~=CR~--CW~= Wd4qba.b.l 

I Motion 
phase 

angle, e 
(de!) 

Coefficient of net work Cw, at- 

Veloc- 
ity, V 
:mph) 

80.0 
80.0 
80.0 
80.0 
80.0 
80. 0 
80.0 
80.0 
80. 0 
80.0 
so. 0 
80.0 
80.0 
SO.0 

Et: 
so:0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 

5:: 
80.0 
SO.0 
80.0 

2: 

L 379 

:~~~ 
.342 
.330 
,316 

: iti 

:% 
288 

,230 
.265 
.251 

:Z?i 
.213 
,203 

: :;: 
.162 
.291 

288 
: 2G7 

253 
: 338 
.32a 
.314 

:% 
.370 
.370 

- 

- i 
Lift Moment - 

_- 

- 

k=O.lO k=0.20 k=0.30 k=O.40 k=O.50 
Net work 
per cyrle, 

w?b?- 
-__ 

3. G35 
4. QOi 
4.638 
5. 929 
1. s95 

-3.149 
-1.201 

-. 390 
1.872 

-4.544 
,392 

-4.560 
-4.556 
-3.425 
-4.849 
-8.792 
-8.X0 
-8.596 

-11.274 
-9.917 

- 14.684 
-1.791 
-4.848 
-4.854 
-5.003 

-2: ;:I2 
-. 574 

,419 

k=O 

--- 
120 

1:; 
125 
125 
112 
110 
109 
111 
123 
132 

95 
137 
152 
lffl 
156 
172 
168 
179 
176 
184 
138 
139 
140 
156 
118 
138 
132 
121 
_._ 
___ 
___ 

Record 
lumber 

3569 
3570 
3571 
3572 
3574 
3575 
3576 
3595 
3596 
359i 
3598 

i% 
3602 
3603 
3605 

%! 
3608 
3609 
3610 
3612 
3613 
3614 
3815 
3617 
3618 
3619 
3620 
3622 
3623 
3G24 

2.0140 
3.1118 
3.8527 
4.0384 
3.6189 
2 7668 

l: ‘%: 
-. 2923 
-. 4780 
-. 0585 

.8536 
2.0140 

0.5114 1.2661 
1.8787 2.4738 
2.9460 3.3688 
3.4277 3.7113 
3.1944 3.4094 
2.3089 2.5442 
1. CO82 1.3473 

-. 3591 .1396 
-1.4284 -. 7554 
-1.QO81 -1.0979 
-1.6748 -. 7960 

-_ 7893 .0692 
.5114 1.2661 

-7 - 

_- 2.7432 
3.7592 
4.3640 
4.3957 
3.8456 
2.8614 
1.7064 

::E 
.0539 
.6Q40 

1.5882 
2. 7432 

3.4566 
4.4071 
4.8883 
4.7716 
4.0879 
3.0209 
1.8560 

.QG55 

.4243 

.5410 
1.2247 
;: FG 

0.0378 

: E 
.0370 

: II% 

: E 

: iE 
.0292 
.a304 
.a304 
.0321 

GE 

; fig 

.0451 

.0356 

.0330 

.a330 

.0321 

.0x44 

: i% 
.033i 

____________ 
____________ 

3: 
60 

12 
150 
180 
210 
240 
270 
300 
330 
360 

0 
1.5708 
2.7206 
3.1416 
2. 720s 
1.5708 
0 

1;: ;;gj 
-3.1416 
-2.7206 
-1. 5708 

0 

-- 
0.095 

: L% 
,102 

104 
104 

. 104 

:E 
.104 

109 
107 

,111 
118 

,114 
127 
132 
140 

: 142 
. 142 

:% 
,112 
.112 

: AP 

: ii: 

:% 

:E 
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TABLE XII.-COMPONENT ANALYSIS-THEORETICAL VALUES FOR LIFT AND MOMENT IN PURE TRANSLATION 
- 

Lift in pure translation - 

T 

k Av. three-$rx LT/4aqho 
BLT ELT L&rqho=BmfEm 

O+Oi O+Oi 
-0.00~53-0.045451 -0.00528--O. 04545i 

-. 01723-O. 08321 -_ 01223-O. 08321’ 
-_ 03732-O. 145521 -.01732-O. 145521 
-.0537~0.1995i -.00879-O. 19QSi 
-. 066 -0.2.5OOi .01400-o. 2500i 
-.07535-O. 298951 .049$5-0.2Q895i 
-. 082”8-0.347281 .09732-O. 347281 
-_ 0932 -0.443281 22i8 -0.443% 
--. 1003 -0.5394i : 3997 -0.5394i 

0 
.00125 
.0050 
.0200 
.0450 

0800 
.1250 

: ::;; 
.5000 

Moment in pure translation 

BAIT 

0 o+oi 
.000325 0.0015~7+0.0l091i 
.00130 .00414 +O. 019971 
.0052 OORQfi +O. 034922’ 
.0117 01291 +O. 047881 
.0?08 .015X4 +O. OGOOOi 
.032.5 .01808 +o. 071751 
.04fi8 .01984 +O. OR335i 

OR32 .02237 +O. 10639i 
.I300 .02407 +O. 1294Gi 

0 
.05 
.lO 
.20 
.30 
.40 
.50 
.GO 
.80 

1.00 

0 
.I67 
,333 
,667 

O+Oi 
-0.004105 -0.1023i 

01114 -0.384141’ 
.13136 -0.335821 

Three-dim. 

Magnitude Phase (deg. ) 

0 270 

:::2 $2 : 
,3GOG 291.5 

k 

0 
.167 
,333 
,667 

- 

- 
6 

Av. three-dim. 
k Alrl4rrqbh o 

(‘1 

0 O+Oi 
.lG7 0.00788+0.0245i 
.333 .0251 +o. 04421 

fiG7 .07964+0.08064i 

&/4aqbk.=Bm+E. 

0 
06 

.I0 

:3”: 
40 

: 50 
. GO 
.80 

1.00 

O+Oi 
0.001892+0.01091 

.005435+0.01996: 

.014157+0.03492, 
,024fil +O. 04788, 
.03664 +O. OGOOi 
.05058 +O. 07175, 
.06GG4 +O. 0833s 

: 10557 15407 +o. +O. 10539; 12946, 

Three-dim 
k 

0 90 
.0257 72.1 
.05082 GO. 4 
.11335 45.2 

.167 
,333 
,667 

1 Srcrape along span, aspect ratio of 6. 

TABLE XIII.-COMPONENT ANALYSIS-THEORETICAL VALUES FOR LIFT AND MOMENT IN PURE PITCH 

Lift in pure pitch 

0 
.05 

:1: 
.3n 

:: 

:Z 
1.00 

0 
1: ;g; 

-_ loOi 
-. 15oi 

I: ~~1 
-. 3Wi 
-_ 4Ooi 
-_ 5Qoi 

0 
: Cmm;“” 

0052 
1 Olli 
.a208 

0325 
.0468 

OX32 
.1300 

- 1. oQOo+o. OOorli 
-. QOQO+O. 1305i 
-_ 8320fO. 17231 
-. 727G+O. 188Gi 
-_ GGSO+O. 1793i 
-. fi250+0.165Oi 
-. 59iQ+n. 15Oii 
-. 5788fO. 137Pi 
-. 5541+0,1165i 
-. 5394+0.1003i 

.- 

- 

-0 -0. ooooi 
-. 0050-0.03451 
-_ 0131-O. 0632; 
-.0287-O. 1lOGi 
-.0409-O. 151Gi 
-. oso2-0.19iloi 
-, 0573-O. 22721 
-.0628-O. 2639i 
-,0708-O. 33GQi 
-.0762-O. 40991 

Ld4qbaos 
Av. three-dim. 

Lpl4qbaon 
(‘1 

-1. COOG+Oi 
-. 913i+O. 07lOi 
-_ 8438+0.059li 

0 -0.6797+Oi 

: ii; 
-. 6234-o. 0533i 
-.5298-O. 182% 

,667 -. 5148-O. 45211 -. 7511--o. 022oi 
-_ 6942-O. 12231 
-. fi544-0.22501 
-. G2i7-0.3265i 
-. 5948-O. 42Gli 
-. 5417-O. 62042’ 
-. 485G-0.8OQGi 

- 
I Three-dim. I 

-. _ li 1 Magnitude I Phase(deg) / 

I - 
Moment in pure pitch 

- 

_~ 
EM P 

Av. thrrr-dim. 
A4pp/4qb=or,s 

(9 

O.l631+Oi 
1532-O. 07OGi 
1505-O. 1228i 

1 1801-0.22443 
- 

Three-dim. 

Magnitude Phase (deg) -- 

0.1631 

: :E 
33:. 3 
320.1 

.2878 308.8 

BMP D.MP k AMP it4p/4qh%wr k 

0 
.05 

:: 
.30 
.40 

12 
80 

1:&l 

0. nmi 0 0.2400-0. oi 
-. 01IMoi .alO2 .2182-O. 0313i 
--.038Oi .OOlO 1997-G. 0414i 
-. 07Fli .@I39 1746-o. 04531 
--.114oi OORi 1596-O. 043Oi 
-. 152Oi .0154 1500-0.039Gi 
-. 1QOOi .0241 1435-O. 0362i 
-. 22aoi .0347 1389-O. 033li 
-. 304Oi 0616 1330-O. 0Z.N 
-. 38M)i oor3 1295-O. 0241i 

.0031+0.0152i 

.0069+0.0265i 

.0098+0.0364i 

.0120+-O. 04561 

.0138+0.05451 

.0151-l-O. 0633i 

.0170+0.0809i 

.0183+0.0984i 

0.24OO+Oi 0 
.2196-O. 042Oi 

2038-O. 0642i :::i 
1854-O. 094% GGi 
1781-O. 120Gi -~ 

.1774-o. 14M)i 
1814-O. 1717i 
1887-O. 19781 k 
2116-O. 2511i 

12441-O. 30571’ 
-~ 

0 

: ::3’ 
,667 

1 Average along span, aspect ratio of 6. 
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TABLE XIV.-COMPONENT ANALYSIS-EXPERIMENTAL TABLE XVI.-CORRELATION ANALYSIS-STANFORD 
VALUES; AVERAGE M. I. T. RESULTS RESULTS 1 

Pure translation, h.=l.O in. I Pure pitch,rr.=G.74° 

LPl4r9k. 

-0. 704-t 0.02461 
-. G77+Oi 
-.659-O. 0346i 
-. 646-o. w3oi 
-.635-o. 112Oi 
-.630-o. 1985i 

Lp/4rqho 

-0.0079-O.WW 
-.0149-o. 1OGi 
-.0265-o. 143i 
--0412-0.17Si 
-.0570-o. 212i 

I I I I I 

Model A @=7.5 in., a=-0.20); n=G.G6 cps (table I-A-6R) 
- I I I 

0.0071+0.0217i 
.0129+0.0304i 
.01so+o. 03852’ 
. OnS+O. M53i 
.0329+0.05473 

0.2 
. 3 

:t 

1:: 

l: Exloe 
2% 
.257 .206 

2.405 
2.2ios 
2.2330 
2.3081 
2.5198 
2.7674 

-O.OO33-0.02741’ 
-. 0016-O. 0376i 

.0027-O. 0471i 

.0133-O. 06551’ 

.0427-O. 0836i 

.0753-O. 1017i 

2.4080 180.7 
2.2783 189.0 
2.2433 106.9 
2.3254 211.0 

:: 
195.7 
209.3 
219.4 
226. G 

2.5416 221.5 
2.7923 229.2 

I I I I I 
Model C (b=5.0 in., a=-0.20); ?a=10 cps (tnblo I-C-1OR) 

2.482 :k%. -0.0033-O. 02742’ 2.4855 180.6 
2.3552 5 -.0016-O. 03761 2.3613 187.4 
2.3082 194.2 .0027-O. 0471i 2.31767 105.3 
2.3604 203.9 .0133-O. 0655i 2.3747 208. 5 
2. 5347 217.4 .0427-O. 0836i 2.5532 219.5 
2.7670 225.8 .0753-o. 1017i 2.7274 223.3 

Model B (b=7.5 in., a=-0.40); n=6.66 cps (table I-B-GR) 

0. 2 0.686 2.3254 184.4 0. OOiS+O. 0641i 2.3136 182.9 
.3 ,457 2.2307 191.0 .0038+O.OR77i 2.21195 188. I? 

1: ,343 ,229 2.2010 2.3006 211. 197.9 i -. -. 0062+0.1090i 0428+0.15281 2.2618 2.1759 mi. 195.1 9 

1:: . ,137 172 3.0945 2.6058 224.4 234.3 -. -. 0907fO. 1049i 1758+0.23721 3.01774 2.5404 219.7 229.0 

Model D (b=5.0 in., a=-0.40); a=10 cps (table I-D-1OR) 

0. 2 
.3 

:i 

1:: 

0.6RF 
457 

.343 
,228 

172 
.137 

2.4150 
2.3348 

;: fEi 
2.7957 
3.1037 

0.0078+0.0641i 
onaa+o. 0877i 

-. OOfi2+0.1099i 
-. 0428+0.15281 
-. 0907+0.194Oi 
-. 1758+0.23723 

1 These rwults have been correctrd for B theoretical “shift” of elastic axis from 30 and 40 
to 37 percent, chord. Specific table numbers given after model designations refer to tables 
of reference 5 from which uncorrected data were taken. 

TBBLE XVII.-CORRELATION ANALYSIS-M. I. T. 
RESULTS RESULTS 

TABLE XV.-CORRELATION ANALYSIS-THEORETICAL 
VALUES 

[~li=oO; a,=6.74O or h.=l.O in.; a=-0.261 [oli=oo; a,=6.74’= or h.=l.O in.; a=-0.261 

1 _._-.. 0.05 0.05 _..... -_ _..... -_ ..__.. ___.___ _._-.. 
. 10 . 10 2.38 2.38 .___._ 0.58i __.... 

15 
15 

2. 12 
2. 12 181 .20 .20 2.08 2.08 182 : E iii 

:Z :Z 2. 2.01 OG 2. OG 188 
2.01 E iii 

.35 .35 2.04 2.04 :z! -i . .._ . . ..__ 

.40 .40 2.07 2.07 197 .722 326 

_ _ _ ._ _ _ 
_ 0.58i 

181 182 : E 

188 
:z! 

E 
--1..... 

----- 197 .722 I 32G- 

(11) For corrected results (a= -0.26) 

I: Ll4qba o dLP 

%i 
1s1: 68 
190.0 
108.97 
207.67 
215.62 
228.87 
230.05 

0.7540 

: IZ: 
:E 
.7346 
.a586 I. 0320 

1.2292 

360.0 
342.52 
332.03 
325.88 
320.55 
316.57 
313.65 
310.12 
308.60 

Re=0.823XlOs 

0.05 ____.... ____.. .._... _...._ 

:m :t 

2. 12 180 0. Gil2 348 

;: t: :: ,626 ,652 Et 
.25 2. or) 187 ,636 324 
.30 2. 02 187 :% 325 

.35 2.02 194 .40 2.11 200 .7Gl Ei 

(b) For British results (no inertia term) 

Mj4qb=u. 

0. 5233 

:Z 

: IE; 
.6943 

: E’2:: 
1.1518 

360.0 
347.9 
343.9 
341.6 
340.0 
338.4 
336.9 
333.0 
330.7 

Re=0.930XlOo 

130 
174 
li8 
183 

:2 
191 

_..___ 

351 
338 
332 
332 
324 
321 
310 

_.-.__ 

- 
2. 32 
2. 22 
2. 12 
2.08 
2.02 
2 12 
2.04 

0.643 
,593 
.632 
,608 
.G21 
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TABLE XVIII.-CORRELATION ANALYSIS-RESULTS 1 OF 
REFERENCE 6 (a+i=O”) 

TABLE XIX.-CORRELATION ANALYSIS-RESULTS 1 OF 
REFERENCE 7 (a<=O“; b=4.5 IN.) 

(a) Without center bearing (a=O) Re=O.M)XIO” 

-0.8168+0i 1. of392+oi 1.0692 360.0 
-. 6803+0.08221 .7147-O. 22381’ .7492 342. G 
-, 5902+0.0414i .619&O. 29761 .6875 334.4 
-.5274-O. 0184i .5786-O. 3734i .6888 327.2 
-. 4761-O. 0817i .5599-o. 44471’ .7151 321.5 
-.3815-O. 20621 .5745-O. 57521 .8130 315.0 
-. 2788-O. 3267i .6462-O. 6857i .9422 313.0 

0 

::: 

:Z 
.G 
.8 

1.886+03 
1.395-O. 306i 
1.210-O. 3391 
1.106-O. 3551’ 
1.3060.3631 

.956-O. 3691 

.925-O. 360i 

Re=O.l4X106 

0 1.5325-Oi -0.8168fOi 0.7157+01 0.7157 

:: 1.3810-O. 1.2400-O. 3781 29% -. -. 6803+0.08221 5902+0.0414i :6498-O. 7007-O. 33661 20781 .7308 .7318 

2 1.0230-O. 1.1090-O. 4221’ 431i -.5274-O. -.4761-O. 0184i 0817i .5816-O. .5469-O. 44041 51271 .7295 .7497 
.G .9240-O. 403i -. 3815-O. 20623 .5425-O. GO921 .8157 

360.0 
343.5 
332. G 
322.9 
316.9 
311.7 

- 

- 

- - 
Re=0.2R3XlOe 

I I I 
0 

:; 

:: 

:i 

1.805fOi 
1.375-O. 270i 
1.223-o. 3451 
1.1360.371i 
1.110-O. 385i 
_--_--.______ 
_-__.____..._ 

0.9882 360.0 
.7197 344.8 

7019 
: 7224 

334.4 
327.4 

.7873 323. G 

-0. s1fis+oi 0.9882+Oi 
-. G803+0.08221 .6947-O. 18781 
-_ 5902+0.0414i .6328--O. 3036i 
-.5274-O. 0184i .608fi--o. 38941 
-.4761-O. 0817i .6339-O. 4667i 

Re=0.21XlOB 

0 1.5150-oi -0.8168fOi 0.69R2+0i 0.6982 

:; 
1.3450-0.277i -. G803+0,0822i .6647-O. 1948i .G927 
1.2520-O. 3451’ -. 5902+0.0414i .6618-O. 30361’ .7281 

:i 
1.1420-O. 3743 -.5274-O. 0184i .6146-O. 39241 
1.0800-O. 395i -.4761-O. 0817i .6039-O. 47671 : :iE 

Re=O.%XlOe 

360.0 
343.7 
335.4 
327.4 
321.7 

--.3815-0.2062i _.-_.-.- . ..__ 
-. 2788-0.32571 ___________._ _____ 

- 
(b) With center bearing (a=O) 

Re=O.l42XlOe 

0.2 

2 
.6 

335.1 
327.6 
322.1 
317.2 

0 1.5140-Oi -0.8168+Oi 0.6972fOi 0.6972 360.0 

:; 1.414-O. 1.242-O. 28oi 381i -. -_ 6803+0.08221’ 5902fO. 0414i : 6518-O. 7337-O. 33961’ 19781 .735il .7599 344.9 332.5 
:: 1.151-O. 1.167-O. 401i 418i -.4761-O. -.5274-O. 0817i 0184i .6749-O. .6396-O. 41941’ 49971 .7649 .8398 323.5 326.7 

Re=0,283XlOa 

-0.6803f0.08222’ 0.6497-O. 17881 0.6739 344. fi 
-_ 5902fO. 0414i .604&O. z936i .6722 334.1 
-.5274--o. 0184i .577G-0 3734i 
-.4761-O. 0817i 

! 

.6009-O: 
.6878 327.1 

43971 

I 

.7446 323.8 

1 Results are for a wing which has its elastic axis at one-half chord. The following correc- 
tions have been made: (a) Aerodynamic inertia term added and (b) theoretical “shift” of 
elastic axis to 37 percent chord. 0.1 1,330-O. 26li 

:3” 
1. 195-O. 3351 
1.105-O. 355i 

.4 1.077--o. 358i 

(c) Without center bearing (a=-0.333) 

0 
.l 

:3” 
.4 

:i 

1:: 

0.533+oi 
.490--O. 155i 
.450-o. 25% 
.415-o. 3371 
.380--o. 404i 
.343-O. 4661’ 
.305--o. 5291 
.218-O. 65Oi 

0.2293+01 
.1961--O. 0167i 
.1840--o. 0005i 

0.7623+01 0.7623 360.0 
.6861-O. 171ii .7073 345.7 
.6340-O. 25851 .6847 337.8 
.6&O-0.31662’ .6802 332.3 
.5807-O. 361% .6844 328.0 
.5660-o. 402Gi .6945 324.6 
.55i8-0.44461’ .7133 321.4 
.5513-O. 5246i .7611 316.4 

.1870+0.0204i 
.2007+0.0421i 

2230fO. 0634i 
: 2528+0.0844i 
.3333+0,1*254i 
.439i+O. 1651i 

0 

:a 
.3 

0. .5so+oi 
.498--o. 155i 
.455--o. 25% 
.4%--o. 3381 
.395-o. 430i 

0.2293fOi 
1961-O. 0167i 

: 1840+.0005i 
.1870+0.0204i 

2007+0.0421i 
: 2230+0.06341 
.7.528-i-O. 08441 
.3333+0.12541 
.4397+0.1651i 

0. i793+Oi 0.7793 
.6941--O. li17i .7151 
.6390--o. 2585i .689Z 
.6120-O. 3176i .6895 
.5979-O. 3879i .7109 

360.0 
346.1 
338.0 
332.6 
326.9 
_____ 
___-_ 
_____ 
----_ 

:i 
.6 

1:: 
1 Results are for wings with elastic axis at one-half chord and one-third chord. The follow- 

ing corrections have been made: (a) Aerodynamic inertia t.erm added and (b) theoretical 
“shift” of elastic axis to 37 percent chord. 


